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Abstract— Automatic self-localization is a critical needfor the
effective useof ad-hocsensornetworks in military or civilian ap-
plications. In general,self-localizationinvolvesthe combination of
absolutelocation information (e.g. GPS) with relative calibration
information (e.g. distance measurements between sensors)over
regions of the network. Furthermor e, it is generally desirable
to distrib ute the computational burden across the network
and minimize the amount of inter-sensor communication. We
demonstrate that the information used for sensor localization is
fundamentally local with regard to the network topology and use
this observation to reformulate the problem within a graphical
model framework. We then presentand demonstratethe utility of
nonparametricbelief propagation (NBP), a recent generalization
of particle �ltering, for both estimating sensor locations and
representinglocation uncertainties. NBP has the advantage that
it is easily implemented in a distrib uted fashion, admits a wide
variety of statistical models, and can represent multi-modal
uncertainty. Using simulations of small- to moderately-sized
sensor networks, we show that NBP may be made robust to
outlier measurementerrors by a simple model augmentation,and
that judicious messageconstruction can result in better estimates.
Furthermor e, we provide an analysis of NBP's communications
requirements, showing that typically only a few messagesper
sensorare required, and that even low bit-rate approximations
of thesemessagescan have little or no performance impact.

I . INTRODUCTION

Improvements in sensing technology and wireless com-
municationsare rapidly increasingthe importanceof sen-
sor networks for a wide variety of applicationdomains[1,
2]. Collaborative networks are createdby deploying a large
number of low-cost, self-powered sensornodesof varying
modalities (e.g. acoustic,seismic, magnetic,imaging, etc.).
Sensorlocalization, i.e. obtainingestimatesof eachsensor's
position as well as accuratelyrepresentingthe uncertaintyof
thatestimate,is a critical stepfor effective applicationof large
sensornetworks. Manual calibration1 of eachsensormay be
impractical or even impossible,and equippingevery sensor
with a GPS receiver or equivalent technologymay be cost
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1In the context of this paper, we usethe term localization interchangeably
with the moregeneralterm calibration in sensornetworks.

prohibitive. Consequently, methodsof self-localizationwhich
can exploit relative information (e.g. obtainedfrom received
signal strengthor time delay betweensensors)and a limited
amountof global referenceinformationasmight be available
to a small subsetof sensorsare desirable.In the wireless
sensornetwork context, localizationis further complicatedby
the needto minimize inter-sensorcommunicationin order to
preserve energy resources.

We presenta localizationmethodin which eachsensorhas
availablenoisydistancemeasurementsto neighboringsensors.
In the specialcasethat the noiseon distanceobservationsis
well modeledby a Gaussiandistribution, localizationmay be
formulatedasa nonlinearleast-squaresoptimizationproblem.
In [3] it was shown that a relative calibrationsolution which
approachedtheCramer-Raoboundcouldbeobtainedusingan
iterative optimizationapproach.

In contrast, we reformulate localization as an inference
problem on a graphical model. This allows us to apply
nonparametricbelief propagation (NBP, [4]), a variant of the
popular belief propagation (BP) algorithm [5], to obtain an
approximatesolution.This approachhasseveral advantages:

� It exploits the local natureof the problem;a given sen-
sor's locationestimatedependsprimarily on information
aboutnearbysensors.

� It naturallyallows for a distributedestimationprocedure.
� It is not restrictedto Gaussianmeasurementmodels.
� It producesboth an estimateof sensorlocationsand a

representationof the locationuncertainties.
The last is notable for random sensordeployments where
multi-modal uncertainty in sensor locations is a frequent
occurrence.Furthermore,estimationof uncertainty(whether
multi-modal or not) provides guidancefor expending addi-
tional resourcesin order to obtainmorere�ned solutions.

In the subsequentsections,we describethe sensorlocal-
ization problem in more detail and relate it to inference
in graphical models. In Sections II–III, we formalize the
problemand discussthe typesof uncertaintywhich occur in
localization.SectionIV re-formulatesthelocalizationproblem
asagraphicalmodel,andpresentsasolutionbasedon theNBP
algorithm.We show severalempiricalexamplesdemonstrating
the ability of NBP to solve dif�cult distributed localization
problems.We concludewith three modi�cations to improve
NBP'sperformancein practicalapplications:SectionVI shows
how NBP may be augmentedto include an outlier model
in the measurementprocess,and demonstratesits improved
robustnessto non-Gaussianmeasurementerrors;SectionVII
presentsanalternativesamplingprocedurewhichmayimprove
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theperformanceof NBPin systemswith limited computational
resources;andSectionVIII considersthecommunicationcosts
inherentin a distributedimplementationof NBP, andprovides
simulationsto demonstratetheinherenttradeoff betweencom-
municationandestimatequality.

I I . SELF-LOCALIZATION OF SENSOR NETWORKS

This sectiondescribesa statisticalframework for thesensor
network self-localizationproblem, similar but more general
than that given in [6]. We restrict our attention to casesin
which individual sensorsobtainnoisy distancemeasurements
of a (usuallynearby)subsetof theothersensorsin thenetwork.
This includes,for example, scenariosin which eachsensor
is equippedwith a wirelessand/or acoustictransceiver and
distanceis estimatedby receivedsignalstrengthor time delay
of arrival betweensensorlocations.Typically this involves a
broadcastfrom eachsourceasall othersensorslisten [6,7].

While the framework we describeis not the most general
possible, it is suf�ciently �e xible to be extended to more
complex scenarios.For instance,our methodmay be easily
modi�ed to �t casesin which sourcesarenot co-locatedwith
a cooperatingsensor, to incorporatedirection-of-arrival infor-
mation (which also necessitatesestimationof the orientation
of eachsensor)[6], or simultaneousestimationof othersensor
characteristicssuchas transmitterpower [7].

Let us assumethatwe have N sensorsscatteredin a planar
region, and denotethe two-dimensionallocation of sensort
by x t . The sensort obtainsa noisy measurementdtu of its
distancefrom sensoru with someprobability Po(x t ; xu ):

dtu = kx t � xu k + � tu � tu � p� (x t ; xu ) (1)

We usethebinaryrandomvariableotu to indicatewhetherthis
observation is available, i.e. otu = 1 if dtu is observed, and
otu = 0 otherwise.Finally, eachsensort has a (potentially
uninformative) prior distribution, denotedpt (x t ). Thus, the
joint distribution is given by

p(x1; : : : ; xN ; f otu g; f dtu g) =
Y

( t;u )

p(otu jx t ; xu )
Y

( t;u ): otu =1

p(dtu jx t ; xu )
Y

t

pt (x t ) (2)

The typical goal of sensor localization is to estimate the
maximumlikelihood (ML) sensorlocationsx t given a set of
observationsf dtu g. Of course,thereis a distinction between
theindividual ML estimatesof eachx t versustheML estimate
of all f x t g jointly. For this work, it is convenient to select
the former; in a discretesystem,this would correspondto
minimizing thebit-errorrate(asopposedto an“all-or-nothing”
sequence-errorprobability).

The estimateddistancesdut anddtu may be different,and
it is even possibleto have out 6= otu (indicating that only
one of sensorsu and t can observe the other). It will later
be convenient to symmetrizetheserelationships,a process
which involves exchanginginformation betweenany pair of
sensorsu; t which observe eitherdtu or dut ; this may involve
multi-hop messagerouting or othercommunicationprotocols
which are beyond the scope of this paper. For Gaussian
p� , the two estimatesare simply averaged.However, for

arbitrarydistributionstheprocessof usingbothmeasurements,
while not dif�cult, becomesnotationallycumbersome;we thus
assumein the developmentthat out = otu anddut = dtu , and
includeremarkson the differenceswhenthis is not the case.

Also, the amount of prior location information may be
almostnonexistent.In thiscase,wemaywishto solve for arel-
ative sensorgeometry(versusestimatingthe sensorlocations
with respectto someabsoluteframe of reference)[3]. Given
only therelative measurementsf otu ; dtu g, thesensorlocations
x t mayonly besolvedup to anunknown rotation,translation,
and negation (mirror image)of the entire network. We avoid
ambiguitiesin the relative calibrationcaseby assumingpriors
which enforceknown conditions for three sensors(denoted
s1; s2; s3):

1) Translation: s1 has known location (taken to be the
origin: x1 = [0;0])

2) Rotation: s2 is in a known directionfrom s1 (x2 = [0;a]
for somea > 0)

3) Negation: s3 hasknown sign (x3 = [b; c] for someb;c
with b > 0).

Typically s1; s2; s3 are taken to be spatially close to each
other in the network. When our goal is absolutecalibration
(calibrationwith respectto a known coordinatereference),we
simply assumethat the prior distributionspt (x t ) containsuf-
�cient informationto resolve this ambiguity. Thesensorswith
signi�cant prior information(or s1::: 3 for relative calibration)
are referredto asanchor nodes.

In general�nding the ML sensorlocations is a complex
nonlinear optimization problem. If the uncertaintiesp� , pt

above are Gaussianand Po is assumedconstant,ML joint
estimationof the f x t g reducesto a nonlinear least-squares
optimization[6]. In thecasethatweobserve distancemeasure-
mentsbetweenall pairs of sensors(i.e. Po(�) � 1), this also
correspondsto a well studieddistortion criterion (“ STRESS”)
in multidimensionalscalingproblems[8]. However, for large-
scalesensornetworks, it is reasonableto assumethat only
a subsetof pairwise distanceswill be available, primarily
betweensensorswhich are in the sameregion. One model
(proposedby [3]) assumesthat the probability of detecting
nearbysensorsfalls off exponentiallywith squareddistance:

Po(x t ; xu ) = exp
�
� :5kx t � xu k2=R2�

(3)

We use (3) in our example simulations,though alternative
forms are equally simple to incorporateinto our framework,
leaving open the possibility of estimatingPo from training
data, if available; such experimentshave already been per-
formedfor certainsensortypesandmeasurementmethods[7].

A large numberof methodshave beenpreviously proposed
to estimatesensorlocations [7,9–13]. An exhaustive cate-
gorization is beyond the scopeof this paper; here we are
able to list only a few. For better or worse, many of these
methodseschew a statisticalinterpretationin favor of compu-
tationalsimplicity. Someexamplesincludeapproximatingthe
unobserved distancesandapplyingclassicalmultidimensional
scaling[8], multi-lateration[12], or othertechniques[9]. Other
approachessearchfor locationswhich satisfyconvex distance
constraints[11]. Yet anothermethodheuristicallyminimizes
the rank of the distancematrix [14].
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Fig. 1. Examplesensornetwork. (a) Sensorlocationsareindicatedby symbolsanddistancemeasurementsby connectinglines.Calibration
is performedrelative to the threesensorsdrawn ascircles.(b) Marginal uncertaintiesfor the two remainingsensors(onebimodal,the other
crescent-shaped),indicating that their estimatedpositionsmay not be reliable.(c) Estimatesof the samemarginal distributionsusingNBP.

However, thesealgorithmsoften lack a direct statisticalin-
terpretation,andasoneconsequencerarelyprovideanestimate
of the remaininguncertaintyin eachsensorlocation.Iterative
least-squaresmethodssuchas[6,10,12,13] do have a statisti-
cal interpretation,but assumea Gaussianmodelfor all uncer-
tainty, whichmaybequestionablein practice.As wediscussin
SectionIII, non-Gaussianuncertaintyis a commonoccurrence
in sensorlocalizationproblems.In consequence,the Cramer-
Rao bound may be an overly optimistic characterizationof
the actual sensorlocation uncertainty, particularly for multi-
modaldistributions.Estimatingwhich, if any, sensorpositions
areunreliableis an importanttaskwhenpartsof the network
areunder-determined.Furthermore,Gaussiannoisemodelsare
often inadequatefor real-world noise,which may have some
fraction of highly erroneous(outlier) measurements.

In this paperwe posethe sensorlocalization problem as
inferenceon a graphicalmodel,and proposean approximate
solutionmakinguseof a recentsample-basedmessage-passing
estimationtechniquecallednonparametricbelief propagation
(NBP). NBP allows us to apply thegeneral,�e xible statistical
formulation describedabove, and can capture the complex
uncertaintieswhich occur in localizationof sensornetworks.

I I I . UNCERTAINTY IN SENSOR LOCATION

Thesensorlocalizationproblemasdescribedin theprevious
section involves the optimization of a complex nonlinear
likelihoodfunction.However, it is oftendesirableto alsohave
somemeasureof con�dencein the estimatedlocations.Even
for Gaussianmeasurementnoise� , the nonlinearrelationship
of inter-sensordistancesto sensorpositionsresultsin highly
non-Gaussianuncertaintyof the sensorlocationestimates.

For suf�ciently small networks it is possibleto useGibbs
sampling [15] to obtain samplesfrom the joint distribution
of the sensorlocations. In Fig. 1(a), we show an example
network with � ve sensors.Calibration is performedrelative
to measurementsfrom the threesensorsmarked by circles.A
line is shown connectingeachpair of sensorswhich obtain
a distancemeasurement.Contourplots of the marginal distri-
butions for the two remainingsensorsare given in Fig. 1(b);
thesesensorsdo not have suf�cient information to be well-
localized,and in particularhave highly non-Gaussian,multi-
modal uncertainty(suggestingthe utility of a nonparametric
representation).Although we defer the details of NBP to
SectionIV-C, for comparisonanestimateof thesamemarginal
uncertaintiesperformedusingNBP is displayedin Fig. 1(c).

Fig. 2. Graphseparationandconditionalindependenceof variables:
all paths betweenthe sets A and C pass through B , implying
p(xA ; xC jxB ) = p(xA jxB )p(xC jxB ).

IV. GRAPHICAL MODELS FOR LOCALIZATION

Graphical models are a popular meansof encapsulating
the factorization of a probability distribution, enabling the
application of a number of simple, general algorithms for
exact or approximateinference [5,16,17]. Interpreting the
distribution (2) as a graphicalmodel allows one in principle
to apply any of a numberof inferencealgorithms [16,17],
of which belief propagation (BP) is perhapsthe best-known.
In practice,however, we shall see that the typical, discrete
implementationof BP hasanunacceptablyhigh computational
cost. However, a particle-basedapproximationto BP, called
nonparametricbelief propagation (NBP), results in a more
tractablealgorithm.

A. Graphical Models

An undirectedgraphicalmodelconsistsof a setof vertices
V = f vt g and a collection of edgesetu 2 E. Two vertices
vt ; vu areconnectedif thereexists an edgeetu 2 E between
them, and a subsetA � V is fully connectedif all pairs of
verticesvt ; vu 2 A areconnected.Eachvertex vt is alsoasso-
ciatedwith a randomvariablex t , and the edgesof the graph
are used to indicate conditional independencerelationships
throughgraph separation. Speci�cally, if every pathbetween
two setsA; C � V passesthrougha setB � V (seeFig. 2),
then the setsof randomvariablesxA = f xa : va 2 Ag and
xC = f xc : vc 2 Cg are independentgiven xB = f xb : vb 2
B g. This relationshipmayalsobewritten in termsof the joint
distribution: p(xA ; xB ; xC ) = p(xB )p(xA jxB )p(xC jxB ).

The relationshipbetweenthe graph and joint distribution
may be quanti�ed in termsof potentialfunctions which are
de�ned over the graph's cliques(the fully connectedsubsets
of V ), which we denoteby Q [16]:

p(x1; : : : ; xN ) /
Y

cliquesQ

 Q (f x i : i 2 Qg) (4)
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Again taking x t to be the location of sensor t, we may
immediately de�ne potential functions which equate(4) to
the joint distribution (2). Notably, this only requiresfunctions
de�ned over singlenodesandpairsof nodes.Take

 t (x t ) = pt (x t ) (5)

to be the single-nodepotentialat eachnodevt , andde�ne the
pairwisepotentialbetweennodesvt andvu as

 tu (x t ; xu ) =

(
Po(x t ; xu ) p� (dtu � kx t � xu k) if otu = 1
1 � Po(x t ; xu ) otherwise

(6)
We make no distinction between  tu and  ut , only one
of which2 appearsin the product (4). The joint posterior
likelihoodof the x t is then

p(x1; : : : ; xN jf otu ; dtu g) /
Y

t

 t (x t )
Y

t;u

 tu (x t ; xu ) (7)

Notice also that for non-constantPo every sensort hassome
information about the location of each sensoru (i.e. there
is someinformation containedin the fact that two sensors
do not observe a distancebetweenthem, namely that they
shouldpreferto befar from eachother).This is a probabilistic
relationship,andthuscanaccountfor the fact that sometimes
(such as in the caseof physical barriers)sensorswhich are
nearmay still not observe eachother.3

Unfortunately, fully connectedgraphs are very dif�cult
for most inferencealgorithms, and thus it behooves us to
approximatethe exact model. Experimentally (see [18]) it
appearsthat there is little loss in information by discarding
the interactionsbetweennodeswhich are far apart, in the
following sense.Let the “1-step” graphbe the graphin which
we join two nodest; u if and only if we observe a distance
dtu (so that otu = 1). We createthe “2-step” graphby also
addinganedgebetweent andu if we observe dtv anddvu for
somesensorv, but not dtu , andmay extendthis de�nition to
“3-step” andso forth. Edgesfor which otu = 1 we refer to as
observed; thosewith otu = 0 we call unobservededges.Note
thatthe“1-step” graphis exact if Po is a constant,sincein this
casethe unobserved edgesoffer no additionalinformation.

Thereis also a convenientrelationshipbetweenthe statis-
tical and communicationsgraph in localization.Speci�cally,
distancemeasurementsare only obtained for sensorpairs
which have communicationslinks4. Thus,messagesalongob-
served edgesmay be communicateddirectly, while messages
along unobserved edgesmay requirea multi-hop forwarding
protocol (with 2-stepedgesrequiringat most2 hops,etc.).

2Thede�nition of  is slightly morecomplicatedfor asymmetricmeasure-
ments,sinceto obtaina self-consistentundirectedgraphicalmodelwe require
both t andu to know andagreeon  tu =  ut , which will thus involve all
four quantitiesotu ; out ; dtu ; dut .

3The effect of theseconstraintsis similar to, but less strict than, that
achievedby approximatingunobserveddistancesby shortestpaths[12], andto
the non-convex constraintsmentionedin [11]. This hasthe additionalbene�t
of being lessvulnerableto distortion (as observed by [12]) when the sensor
con�guration is not entirely convex.

4While technically the time-varying nature of these links means that
communicationsmay not be entirely reliable, we ignore this subtlety and
assumethat,over the shortperiodof time in which localizationis performed,
the communicationsgraphis stable.

B. Belief Propagation

Having de�ned a graphicalmodel for sensorlocalization,
we now turn to the task of estimatingthe sensorlocations.
Inferenceamongvariablesin a graphicalmodel is a problem
which has received considerableattention. Although exact
inferencein generalgraphscanbeNP-hard,approximateinfer-
encealgorithmssuchasloopy belief propagation (BP) [5,19]
produceexcellentempirical resultsin many cases.BP canbe
formulatedasan iterative, local messagepassingalgorithm,in
which eachnodevt computesits “belief” aboutits associated
variablex t , communicatesthis belief to andreceivesmessages
from its neighbors,thenupdatesits belief andrepeats.In the
wirelesslocalizationcontext, suchalgorithmsareapropos.

The computationsperformedat each iteration of BP are
relatively simple. In integral form, each node vt computes
its belief about x t (a normalizedestimateof the posterior
likelihoodof x t ) at iterationn by takinga productof its local
potential t with themessagesfrom its neighbors,denoted� t :

p̂n (x t ) /  t (x t )
Y

u2 � t

mn
ut (x t ) (8)

Typically the (arbitrary) proportionalityconstantsare chosen
to normalize p̂n , i.e.

R
p̂n (x t )dxt = 1. The messagesmtu

from the nodevt to vu arecomputedin a similar fashion:

mn
tu (xu ) /

Z
 tu (x t ; xu ) t (x t )

Y

v2 � t nu

mn � 1
vt (x t ) dxt

/
Z

 tu (x t ; xu )
p̂n � 1(x t )

mn � 1
ut (x t )

dxt (9)

One appealingconsequenceof using a message-passing
inference method and assigningeach vertex of the graph
to a sensorin the network is that computationis naturally
distributed.Eachnode(sensor)performscomputationsusing
informationsentby its neighbors,anddisseminatestheresults,
as describedin Alg. 1. This processis repeateduntil some
convergencecriterion is met, after which eachsensoris left
with an estimateof its locationanduncertainty.

Alg. 1 also uses a suggestionof [20], in which a re-
weightedmarginal distribution p̂n (x t ) is usedas an estimate
of the productof messages(9). In addition to the advantages
discussedin [20], this hasa hiddencommunicationbene�t—
all messagesfrom t to its neighbors� t maybecommunicated
simultaneouslyvia a broadcaststep. This is becausethe
messagefrom t to each neighbor u 2 � t is a function of
the marginal p̂n � 1(x t ), the previous iteration's messagefrom
u to t, andthe compatibility  tu (which dependsonly on the
observeddistancebetweent andu). Sincethelatter two quan-
tities are also known at nodeu, t may simply communicate
its estimatedmarginal p̂n (x t ) to all its neighbors,and allow
eachu to deducethe rest.

C. NonparametricBelief Propagation

The BP update and belief equations(8)-(9) are easily
computedin closedform for discreteor Gaussianlikelihood
functions; unfortunatelyneither discretenor GaussianBP is
well-suited to localization, since even the two-dimensional
spacein which the x t resideis too large to accommodatean
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Alg. 1: Belief propagation for sensorself-localization.

ef�cient discretizedestimate5, and the presenceof nonlinear
relationshipsandpotentiallyhighly non-Gaussianuncertainties
makesGaussianBP undesirableaswell. The developmentof
a versionof BP makinguseof particle-basedrepresentations,
callednonparametricbeliefpropagation(NBP) [4], enablesthe
applicationof BP to inferencein sensornetworks.

In NBP, eachmessageis representedusingeithera sample-
baseddensityestimate(as a mixture of Gaussians)or as an
analytic function. Both types are necessaryfor the sensor
localization problem. Messagesalong observed edges are
representedby samples,while messagesalong unobserved
edgesmust be representedas analytic functions since often
1 � Po(x t ; xu ) is not normalizable(typically tendingto 1 as
kx t � xu k becomeslarge) and thus is poorly approximated
by any �nite set of samples.The belief and messageupdate
equations(8)-(9) are performedusing stochasticapproxima-
tions, in two stages:�rst, drawing samplesfrom theestimated
marginal p̂(x t ), thenusingthesesamplesto approximateeach
outgoingmessagemtu . We discusseachof thesestepsin turn,
andsummarizethe procedurein Alg. 2.

Given M weightedsamplesf w( i )
t ; x ( i )

t g from the marginal
estimatep̂n

t (x t ) obtainedat iterationn, computinga Gaussian
mixture estimateof the outgoing messagefrom t to u is
relatively simple.We �rst considerthecaseof observededges.
Given a measurementof the distancedtu , eachsamplex ( i )

t is
moved in a randomdirectionby dtu plus noise6:

m( i )
tu = x ( i )

t + (dtu + � ( i ) )[sin(� ( i ) ); cos(� ( i ) )]

� ( i ) � U[0; 2� ) � ( i ) � p� (10)

The samplesare then weighted by the remainderof (9),
w( i )

tu = w( i )
t � Po(m( i )

tu )=mut (x ( i )
t ), and(as is typical in kernel

density estimation)a single covariance � tu is assignedto
all samples.There are a numberof possibletechniquesfor
choosingthe covariance� tu ; one simple methodis the rule
of thumb estimate[23], given by computing the (weighted)

5For M bins per dimension,calculatingeachmessagerequiresO(M 4 )
operations,thoughtherehasbeensomework to improve this [21,22].

6If p� is non-Gaussianand dtu 6= dut , we may draw some samples
accordingto eachof p(xu jx t ; dtu ) and p(xu jx t ; dut ) and weight by the
in�uence of the otherobservation.

covarianceof the samples

Covar[m( i )
tu ] =

X

i;j

w( i )
tu w( j )

tu (m( i )
tu � �m)(m( j )

tu � �m)T (11)

(where �m =
P

i w( i )
tu m( i )

tu ) and dividing by M
1
3 . A simple

and computationallyef�cient alternative has been proposed
by [24]; if the uncertaintyaddedby  tu is Gaussian,we may
simply usethe mean(� ( i ) = 0) and apply the covarianceof
the Gaussianuncertaintyto eachsample(� tu = � 2

� I ). This
methodmayalsobeextendedto smallGaussianmixtures,and
works well whenthe numberof particlesis suf�ciently large.

As stated previously, messagesalong unobserved edges
(pairst; u for which dtu is not observed)arerepresentedusing
ananalyticfunction.Usingtheprobabilityof detectionPo and
samplesfrom the marginal at x t , an estimateof the outgoing
messageto u is given by

mtu (xu ) = 1 �
X

i

w( i )
t Po(xu � x ( i )

t ) (12)

which is easilyevaluatedfor any analyticmodelof Po.
Estimationof the marginal p̂n =  t

Q
mut is potentially

more dif�cult. Since it is the product of several Gaussian
mixtures,computingp̂n exactly is exponentialin the number
of incomingmessages.However, ef�cient methodsof drawing
samplesfrom theproductof severalGaussianmixturedensities
is investigated in [25]; in this work we primarily use a
techniquecalled mixture importance sampling. Denote the
set of neighborsof t having observededgesto t by � o

t . In
order to draw M samples,we createa collection of k � M
weightedsamples(wherek � 1 is a parameterof the sam-
pling algorithm)by drawing kM

j � o
t j samplesfrom eachmessage

mut ; u 2 � o
t andassigningeachsamplea weight equalto the

ratio
Q

v2 � t
mvt =

P
v2 � o

t
mvt . We thendraw M valuesfrom

this collection with probability proportional to their weight
(with replacement),yieldingequal-weightsamplesdrawn from
the productof all incoming messages.Computationally, this
requiresO(kj� t jM ) operationsper marginal estimate.

V. EMPIRICAL CALIBRATION EXAMPLES

We show two example sensornetworks to demonstrate
NBP's utility. All the networks in this section have been
generatedby placing N sensorsat random with spatially
uniform probability in an L � L area, and letting each
sensorobserve its distancefrom anothersensor(corruptedby
Gaussiannoisewith variance� 2

� ) with probabilitygivenby (3).
We investigate the relative calibrationproblem,in which the
sensorsaregivenno absolutelocationinformation;theanchor
nodesare indicatedby opencircles. Thesesimulationsused
M = 200 particles and underwentthree iterations of the
sequentialmessagescheduledescribedin SectionVIII; each
iterationtook lessthan1 secondpernodeon a P4workstation.

The�rst example(Fig. 3(a))shows a smallgraph(N = 10),
generatedusing R=L = :2 and noise� � =L = :02; this made
the averagemeasureddistanceabout :33L , and eachsensor
observed an averageof 5 neighbors.One sensor(the lowest)
hassigni�cant multi-modal location uncertainty, since it ob-
serves only two measurements.The joint MAP con�guration
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Fig. 3. (a) A small (10-sensor)graphwith edgesdenotingobserved pairwisedistances;(b) the samenetwork with “2-step” unobserved
relationshipsalsoshown. Calibrationis performedrelative to thesensorsdrawn asopencircles.(c) A centralizedestimateof theMAP solution
shows generallysimilar errors(lines) to (d), NBP's approximate(marginal maximum)solution.However, NBP's estimateof uncertainty(e)
for the poorly-resolved sensordisplaysa clear bi-modality. Adding “2-step” potentials(f) resultsin a reductionof the spuriousmodeand
an improved estimateof location.

Alg. 2: Using NBP to computemessagesand marginals for sensor
localization.

is shown in Fig. 3(c) while the “1-step” NBP estimateis
shown in Fig. 3(d). Comparisonof the error residualswould
indicatethat NBP hassigni�cantly larger error on the sensor
in question.However, this is mitigatedby the fact that NBP
has a representationof the marginal uncertainty(shown in
Fig. 3(e)) which accuratelycapturesthe bi-modality of the
sensorlocation, and which could be usedto determinethat
the locationestimateis questionable.Additionally, exactMAP
usesmore information than “1-step” NBP. We approximate
this information by including someof the unobserved edges
(“2-step” NBP). The result is shown in Fig. 3(f); the error

residualsarenow comparableto the exact MAP estimate.
While the previous exampleillustratessomeimportantde-

tails of theNBP approach,our primary interestis in automatic
calibrationof moderate-to large-scalesensornetworks with
sparseconnectivity. We examine a graph of a network with
100 sensorsgeneratedwith R=L = :08 (giving an average
of about9 observed neighbors)and � � =L = :005, shown in
Fig. 4. For problemsof this size, computingthe true MAP
locationsis considerablymoredif�cult. Theiterative nonlinear
minimizationof [3] convergesslowly andis highly dependent
on initialization.As a benchmarkto illustratethebestpossible
performance,anidealizedestimatein whichwe initialize using
the true locationsis shown in Fig. 4(c). In practice,we cannot
expectto performthiswell; startingfrom amorerealisticvalue
(initialization given by classicalMDS [8]) �nds the alternate
local minimum shown in Fig. 4(d). The “1-step” and“2-step”
NBP solutionsareshown in Fig. 4(e)-(f). Errorsdueto multi-
modal uncertaintysimilar to thosediscussedpreviously arise
for a few sensorsin the “1-step” case.Examinationof the
“2-step” solutionshows that the errorsarecomparableto the
estimatewith an idealizedinitialization.

In the “2-step” examplesabove, we have includedall “2-
step” edges,but this is often not required.The sensorswhich
requirethis additionalinformationaretypically thosewith too
few observed neighbors,andwe could achieve similar results
by includingonly “2-step” edgeswhich areincidenton a node
with fewer than,for example,four observed edges.

VI . MODELING NON-GAUSSIAN MEASUREMENT NOISE

It is straightforward to changethe form of the noisedistri-
bution p� so long assamplingremainstractable.This may be
usedto accommodatealternative distancenoisemodelssuch
asthe log-normalmodelof [10], asmight arisewhendistance
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Fig. 4. Large (100-node)examplesensornetwork. (a-b) 1- and 2-stepedges.Even in a centralizedsolution we can at besthopefor (c)
the local minimum closestto the true locations;a more realistic initialization (d) yields highererrors.NBP (e-f) providessimilar or better
estimates,alongwith uncertainty, and is easilydistributed.Calibrationis performedrelative to the threesensorsshown asopencircles.

betweensensorpairs is estimatedusing the received signal
strength,or modelswhich have beenlearnedfrom data[7].

Although this fact can also be usedto model the presence
of a broad outlier process,the form of NBP's messages
as Gaussianmixtures provides a more elegant solution. We
augmentthe Gaussianmixturesin eachmessageby a single,
high-varianceGaussianto approximatean outlier processin
the uncertaintyaboutdtu , in a mannersimilar to [24]. To be
precise,we add an extra particle to eachoutgoingmessage,
centeredat themeanof theotherparticlesandwith weightand
variancechosento model the expectedoutliers, e.g. weight
equal to the probability of an outlier, and standarddeviation
suf�ciently large to cover the expectedsupportof Po. Direct
approximationof the outlier processrequiresfewer particles
thannaive samplingto adequatelyrepresentthe message,and
thus is alsomorecomputationallyef�cient.

Fig. 5(a) shows the samesmall (N = 10) “1-step” network
examinedin Fig. 3 but with several additionaldistancemea-
surements(indicatedas lines), on which we have introduced
a single outlier measurement(the dashedline). We again
perform calibration relative to the three sensorsshown as
circles. If we possessedan oraclewhich allowed us to detect
anddiscardtheerroneousmeasurement,theoptimalsensorlo-
cationscanbe foundusingan iterative nonlinearleast-squares
optimization[3]; the residualerrorsafter this procedure(for a
singlenoiserealization)areshown in Fig. 5(b).However, with
the outlier measurementpresent,the sameprocedureresults
in a large distortion in the estimatesof somesensorlocations
(Fig. 5(c)). NBP, by virtue of themeasurementoutlier process
discussedin Section IV-C, remainsrobust to this error and
producesthe near-optimal estimateshown in Fig. 5(d).

In order to provide a measureof the robustnessof NBP in

thepresenceof non-Gaussian(outlier) distancemeasurements,
we perform Monte Carlo trials, keeping the same sensor
locationsand connectivity usedin Fig. 5(a) but introducing
different setsof observation noiseand outlier measurements.
At every trial, each distancemeasurementis replacedwith
probability :05 by a valuedrawn uniformly in [0; L ]. As there
are37measurementsin thenetwork, onaverageapproximately
two outlier measurementsareobserved in eachtrial. We then
measurethe numberof timeseachsensor's estimatedlocation
is within distancer of its true location,asa function of r =L.
We repeatthesameexperimentsfor two noiselevels, � � =L =
:02 and � � =L = :002. The curves are shown in Fig. 6 for
both NBP and nonlinearleast-squaresestimation.As can be
seen,NBP providesanestimatewhich is moreoften “nearby”
to the true sensorlocation,indicating its increasedrobustness
to the outlier noise;this becomeseven moreprominentasthe
� � becomessmall andthe outlier processbegins to dominate
thetotal noisevariance.Both methodsasymptotearound90%,
indicating the probability that the outlier processcompletely
overwhelmsthe informationat oneor morenodes.

However, Fig. 6 understatestheadvantagesof NBP for this
scenario.NBP also provides an estimateof the uncertainty
in sensorposition; trials resultingin large errorsalso display
highly uncertain(oftenbimodal)estimatesfor thesensorloca-
tions in question,as in Fig. 1. Thus, in addition to providing
a morerobust estimateof sensorlocation,NBP alsoprovides
a measureof the reliability of eachestimate.

VI I . PARSIMONIOUS SAMPLING

We may also apply techniquesfrom importance sam-
pling [26,27] in order to improve the small-sampleperfor-
manceof NBP, which mayplay an importantpart of reducing



SUBMITTED TO IEEE JOURNAL ON SEL. AREAS IN COMM., SPECIAL ISSUEON COLLABORATIVE SENSORNETWORKS 8

Fig. 5. (a) A small (10-sensor)graphandthe observablepairwisedistances;calibrationis performedrelative to the locationof the sensors
shown in green.One distance(shown as dashed)is highly erroneous,due to a measurementoutlier. (b) The MAP estimateof location,
discardingtheerroneousmeasurement.(c) A nonlinearleast-squaresestimateof locationis highly distortedby the outlier; (d) NBP is robust
to the error by inclusionof a measurementoutlier processin the model.

Fig. 6. Monte Carlo localization trials on the sensornetwork in
Fig. 5(a).We measuretheprobabilityof a sensor's estimatedlocation
beingwithin a radiusr of its true location(normalizedby the region
sizeL ), with noise� � = :02L and:002L for bothNBPandnonlinear
least-squares,indicatingNBP's superiorperformancein thepresence
of outlier measurements.

its computationalburden. In Alg. 2, the outgoing messages
are computedvia an importancesamplingprocedureto esti-
mate (9). In particular, samplesare drawn from an approxi-
mation to (9) (called the proposaldistribution in importance
samplingliterature),thenre-weightedso as to asymptotically
representthe target distribution (9).

So long asthe proposaldistribution f is absolutelycontin-
uouswith respectto the targetdistribution g (meaningg(x) >
0 ) f (x) > 0), we areguaranteedthat,for a suf�ciently large
samplesizeM wecanobtainsampleswhicharerepresentative
of g by drawing samplesfrom f and weighting by g=f .
However, the sample size M is limited by computational
power, and as is well-known in particle �ltering the low-
sampleperformanceof any such approximationis strongly
in�uenced by the quality of the proposaldistribution [26,27].
In general,one takes f to be as closeas possibleto g while
remainingtractablefor sampling.We accomplishedthis for (9)
by drawing samplesfrom the marginal (8), weighting by the
remainder, and moving the particlesin a randomdirection �
by the observed distancedtu plus noise.

However, in the context of belief propagation, a good
proposaldistribution is one which allows us to accurately
estimatethe portionsof mtu which contribute to the product
pu =

Q
s msu . We would like to useour limited representative

power on parts of the messagewhich overlap with other
incoming messages,and any additional knowledge of p(xu )

Alg. 3: Using an alternative angularproposaldistribution for NBP.
The previous iteration's marginals may be used to estimatetheir
relative angle,andbetterfocussampleson the region of importance.
The estimateis madeasymptoticallyequivalent to that of Alg. 2 by
importanceweighting.

may be usedto focussamplesin the correctregion [20].
Onealternative proposaldistribution involvesutilizing pre-

viousiterations'informationto determinetheangulardirection
to neighboring sensors.Rather than estimating a ring-like
distribution at eachiteration (most of which is ignoredas it
doesnot overlap with any other rings), successive estimates
areimprovedby estimatingsmallerandsmallerarcslocatedin
the region of interest.A simple procedureimplementingthis
ideais given in Alg. 3. In particular, we usesamplesfrom the
marginal distributions computedat the previous iteration to
form a density estimatep� of the relative direction � , draw
samplesfrom p� , and weight them by 1

p�
so as to cancel

the asymptoticeffect of drawing samplesfrom p� ratherthan
uniformly. The processrequiresestimatinga densitywhich is
2� -periodic;this is accomplishedby samplereplication[23].

We �rst demonstratethe potentialimprovementon a small
example of only four sensors.Fig. 7(a)-(b) shows example
messagesfrom three sensorsto a fourth, with M = 30
particles.Using the additionalangularinformation resultsin
the samplesbeing clusteredin the region of the product,
effectively similar to a larger value of M . To compareboth
methods'performance,we �rst constructthemarginalestimate
usinga large-M approximation(M = 1000), andcompare(in
termsof KL-divergence)to the resultsof running NBP with
fewer samples(10 � M � 100) using both naive sampling
(� � U[0; 2� )) andAlg. 3. The resultsareshown in Fig. 7(c);
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Fig. 7. By using an alternateproposaldistribution during NBP's messageconstructionstep,we may greatly improve the �delity of the
messages.(a) Naive (uniform) samplingin angleproducesring-shapedmessages;however, (b) using previous iterations' information we
may preferentiallydraw samplesfrom the useful regions.Monte Carlo trials (c) show the improvementin termsof averageK-L divergence
of the sensor's estimatedmarginal (from an estimateperformedwith M = 1000 samples)asa function of the numberof samplesM used.
(d) In a larger (10-node)network, we begin to observe the effectsof bias: for suf�ciently large M performanceimproves,but for small M
we may becomeovercon�dent in a poor estimate.

asexpected,we �nd thatAlg. 3 concentratesmoresamplesin
the region of interest,reducingthe estimate's KL divergence.

As notedin [20], however, by re-usingprevious iterations'
information we run the risk of biasing our results.The re-
sults of a more realistic situation are shown in Fig. 7(d)—
performingthe samecomparisonon for a relative calibration
of the 10-nodesensornetwork (shown in Fig. 3(b) reveals
thepossibilityof biasedresults.Whenthenumberof particles
is suf�ciently large (M � 100), we observe the sameim-
provementasseenin the 4-nodecase.However, for very few
particles(M = 25), we seethat it is possiblefor our biased
samplingmethodto reinforce incorrect estimates,ultimately
worseningperformance.

VI I I . INCORPORATING COMMUNICATIONS CONSTRAINTS

Communicationsconstraintsare extremely important for
battery-powered, wireless sensornetworks; it is one of the
primary factorsdeterminingsensorlifetime. Therearea num-
ber of factorswhich in�uence the communicationscost of a
distributed implementationof NBP. Theseinclude

1) Resolution, � , of all �x ed- (or �oating-) point values.
2) Numberof iterationsperformed
3) Schedule—the order in which sensorstransmit
4) Approximation—the �delity to which the marginal esti-

matesarecommunicatedbetweensensors
5) Censoring—sensorsmay save energy by electingnot to

senda marginal which is “suf�ciently similar” to the
previous iteration's marginal.

All theseaspectsare,of course,interrelated,andalsoin�uence
the quality of any solution obtained;often their effects are
dif�cult to separate.Note that the number of particles M
usedfor estimatingeachmessageandmarginal in�uencesonly
computationalcomplexity. The following experimentsused
M = 200 samplesper messageand marginal estimate,with
k = 5 timesoversamplingin the productcomputation.

Due to spaceconstraints,we do not considerresolutionor
similarity-basedcensoringhere.We assumethe resolutionis
suf�ciently high to avoid quantizationartifacts; for example,
taking � = 16 bits is typically more thansuf�cient. Message
censoringcan be usedto decreasethe total numberof mes-
sagesandasa convergencecriterion[28], but its overall effect
in loopy graphsis dif�cult to determine[29].

A. Scheduleand iterations

The messageschedulehas a strong in�uence on BP, af-
fecting the numberof iterationsuntil convergenceand even
potentially the quality of the converged solution [30]. We
consider two possible BP messageschedules,and analyze
performanceon the10-nodegraphshown in Fig. 3(b).Because
we areprimarily concernedwith the inter-sensorcommunica-
tions required,we enforcea maximumnumberof messages
per sensor, ratherthan the actualnumberof iterations.

The �rst BP scheduleis a “sequential”schedule,in which
eachsensorin turn transmitsa messageto all its neighbors.
We determinethe order of transmissionby beginning with
the anchor nodes,and moving outward in sequencebased
on the shortestobserved distanceto any anchor. This has
similaritiesto schedulesbasedon spanningtrees[31], though
(since eachsensoris transmittingto all neighbors)it is not
a tree-structuredmessageordering. For this schedule,one
iterationcorrespondsto onemessagefrom eachsensor. Strictly
speaking,this orderingis only availablegivenglobal informa-
tion (the observed distancesof eachsensor),but in practice
the scheduleis robust to small reorderingsand thus local or
randomizedapproximationsto the sequentialschedulecould
be substituted.Here,however, we will ignore this subtlety.

The secondBP schedulewe consideris a “parallel” sched-
ule, in which a set of sensorstransmit to their neighborssi-
multaneously. Sinceinitially, largenumbersof sensorshave no
information about their location,we restrict the participating
nodesto bethosewhosebelief is well-localized,asdetermined
by some thresholdon the entropy of the belief p̂n (x t ). To
provide a fair comparisonwith the sequentialschedule,we
limit the number of iterations by allowing each sensorto
transmitonly a �x ed numberof messages,terminatingwhen
no moresensorsareallowed to communicate.

Fig. 8(a) comparesthe two schedules'performanceover
100 Monte Carlo trials, measuredby mean error in the
locationestimatesandasa functionof thenumberof message
transmissionsallowed by each schedule.As can be seen,
bothschedulesproducereasonablysimilar results,andneither
requiresmore thana few iterations(inter-sensorcommunica-
tions) to converge. Empirically, we �nd that the sequential
scheduleperformsslightly betteron average.
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Fig. 8. Analyzing the communicationscost of NBP. (a) The numberof iterationsrequiredmay dependon the messageschedule,but is
typically very few (1-3). (b) The transmittedmarginal estimatesmay be compressedby �tting a small Gaussianmixture distribution; a few
(1-3) componentsis usuallysuf�cient.

Faulty communications(nodes' failure to receive some
messages)may alsobe consideredin termsof small deletions
in the BP messageschedule.While the exact effect of these
changesis dif�cult to quantify, it is typically not catastrophic
to the algorithm.

B. Message approximation

We may also reducethe communicationsby approximat-
ing eachmarginal estimateas a small mixture of (diagonal
covariance)Gaussiansbeforetransmission(insteadof sending
all particles).Suchapproximationsmay be constructedin any
numberof ways; we usethe Kullback-Lieblerbasedapprox-
imation of [32] due to its computationalef�ciency, though
more traditional methodssuch as Expectation-Maximization
could also be employed. Note that locally, eachnoderetains
its sample-baseddensity estimate(allowing tests for multi-
modality, etc.) regardlessof how coarselythe transmissions
areapproximated.

In order to observe the effect of this operationon mul-
timodal uncertainty, we performed100 Monte Carlo trials of
NBPwith measurementoutliers(asin SectionVI), but approx-
imated eachmessageby a �x ed numberof componentsbe-
fore transmitting.We apply the sequentialscheduledescribed
above. Fig. 8(b) shows the resultingmarginal estimateerrors
(measuredby KL-divergencefrom exactmessage-passingwith
1000particles)as a function of the numberof retainedcom-
ponents.Single Gaussian(unimodal) approximationsto the
marginal beliefsresultedin a slight lossin performance,while
two-component(potentially bimodal) estimatesproved better
at capturing the uncertainty. As a benchmark,representing
each Gaussiancomponentcosts at most 4� bits, so that a
two-componentmixture at � = 16 is � 128 bits per message.

IX. DISCUSSION

We proposeda novel approachto sensorlocalization,apply-
ing a graphicalmodel framework and using a nonparametric
message-passingalgorithm to solve the ensuing inference
problem. The methodology has a number of advantages.
First, it is easilydistributed(exploiting local computationand
communicationsbetweennearbysensors),potentiallyreducing
the amountof communicationsrequired.Second,it computes
and makes use of estimatesof the uncertainty, which may

subsequentlybe used to determine the reliability of each
sensor's locationestimate.The estimateseasilyaccommodate
complex, multi-modaluncertainty. Third, it is straightforward
to incorporateadditional sourcesof information, such as a
modelof the probability of obtaininga distancemeasurement
betweensensorpairs. Lastly, in contrast to other methods,
it is easily extensible to non-Gaussiannoise models,which
maybeusedto modelandincreaserobustnessto measurement
outliers.In empiricalsimulations,NBP's performanceis com-
parableto the centralizedMAP estimate,while additionally
representingthe inherentuncertainties.

We have also shown how modi�cations to the NBP algo-
rithm can result in improved performance.The NBP frame-
work easilyaccommodatesan outlier processmodel, increas-
ing the method's robustnessto a few large errorsin distance
measurementsfor little to no computationandcommunication
overhead.Also, carefully chosenproposaldistributions can
result in improved small-sampleperformance,reducing the
computationalcostsassociatedwith calibration.Finally, appro-
priatemessageschedulesrequirevery few messagetransmis-
sions,andreduced-complexity representationsmaybeapplied
to lessenthe costof eachmessagetransmissionwith little or
no impacton the �nal solution.

Thereremainmany opendirectionsfor continuedresearch.
First, other message-passinginferencealgorithms(e.g. max-
product) might improve performanceif adapted to high-
dimensionalnon-Gaussianproblems.Also, alternative graph-
ical model representationsmay bear investigating; it may
be possibleto retain fewer edges,or improve the accuracy
of BP by clusteringnodes[16]. Given its promising initial
performanceandmany possibleavenuesof improvement,NBP
appearsto provide a usefultool for estimatingunknown sensor
locationsin large ad-hocnetworks.
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