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NonparametridBelief Propagtion for
Self-Localizationof SensorNetworks
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Abstract— Automatic self-localizationis a critical needfor the
effective useof ad-hoc sensornetworks in military or civilian ap-
plications. In general,self-localizationinvolvesthe combination of
absolutelocation information (e.g GPS)with relative calibration
information (e.g distance measurements between sensors)over
regions of the network. Furthermore, it is generally desirable
to distribute the computational burden across the network
and minimize the amount of inter-sensor communication. We
demonstrate that the information used for sensorlocalization is
fundamentally local with regard to the network topology and use
this obsewation to reformulate the problem within a graphical
model framework. We then presentand demonstratethe utility of
nonparametric belief propagation (NBP), a recent generalization
of particle ltering, for both estimating sensor locations and
representinglocation uncertainties. NBP has the advantage that
it is easily implemented in a distrib uted fashion, admits a wide
variety of statistical models, and can represent multi-modal
uncertainty. Using simulations of small- to moderately-sized
sensor networks, we shov that NBP may be made robust to
outlier measurementerrors by a simple model augmentation,and
that judicious messagesonstruction canresultin better estimates.
Furthermor e, we provide an analysis of NBP's communications
requirements, showing that typically only a few messagesper
sensorare required, and that even low bit-rate approximations
of thesemessagesan have little or no performance impact.

I. INTRODUCTION

Improvementsin sensingtechnology and wireless com-
municationsare rapidly increasingthe importanceof sen-
sor networks for a wide variety of applicationdomains[1,
2]. Collaborative networks are createdby deplogying a large
number of low-cost, self-pavered sensornodesof varying
modalities (e.g. acoustic, seismic, magnetic,imaging, etc).
Sensorlocalization, i.e. obtaining estimatesof eachsensors
position aswell asaccuratelyrepresentinghe uncertaintyof
thatestimatejs a critical stepfor effective applicationof large
sensometworks. Manual calibratiort of eachsensormay be
impractical or even impossible,and equipping every sensor
with a GPSrecever or equivalent technologymay be cost
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1in the context of this paper we usethe term localizationinterchangeably
with the more generalterm calibration in sensometworks.

prohibitive. Consequentlymethodsof self-localizationwhich
can exploit relative information (e.g. obtainedfrom receved
signal strengthor time delay betweensensors)and a limited
amountof global referenceinformation as might be available
to a small subsetof sensorsare desirable.In the wireless
sensometwork contet, localizationis further complicatedby
the needto minimize intersensorcommunicationin orderto
presere enegy resources.

We presenta localizationmethodin which eachsensorthas
availablenoisy distancemeasurement® neighboringsensors.
In the specialcasethat the noise on distanceobsenrationsis
well modeledby a Gaussiardistribution, localizationmay be
formulatedas a nonlinearleast-squaresptimizationproblem.
In [3] it was shavn that a relative calibrationsolution which
approachedhe CramerRaoboundcould be obtainedusingan
iterative optimizationapproach.

In contrast, we reformulate localization as an inference
problem on a graphical model. This allows us to apply
nonparametridelief propagtion (NBP, [4]), a variantof the
popular belief propagtion (BP) algorithm [5], to obtain an
approximatesolution. This approachhasseveral advantages:

It exploits the local natureof the problem;a given sen-
sor's location estimatedependrimarily on information
aboutnearbysensors.
It naturallyallows for a distributed estimationprocedure.
It is not restrictedto Gaussiarmeasurementodels.
It producesboth an estimateof sensorlocationsand a
representatiomnf the location uncertainties.
The last is notable for random sensordeployments where
multi-modal uncertainty in sensorlocations is a frequent
occurrence Furthermore estimationof uncertainty (whether
multi-modal or not) provides guidancefor expending addi-
tional resourcesn orderto obtain morere ned solutions.

In the subsequensections,we describethe sensorlocal-
ization problem in more detail and relate it to inference
in graphical models. In Sections|I-Ill, we formalize the
problemand discussthe typesof uncertaintywhich occurin
localization.SectionlV re-formulateghelocalizationproblem
asagraphicalmodel,andpresentsa solutionbasednthe NBP
algorithm.We shov severalempiricalexamplesdemonstrating
the ability of NBP to solve dif cult distributed localization
problems.We concludewith three modi cations to improve
NBP's performancen practicalapplicationsSectionVI shavs
hov NBP may be augmentedto include an outlier model
in the measuremenprocess,and demonstratedts improved
robustnesso non-Gaussiamtmeasuremenerrors; SectionVII
presentanalternatve samplingprocedurevhichmayimprove
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the performancef NBP in systemswith limited computational
resourcesandSectionVIll considerdshecommunicatiorcosts
inherentin a distributedimplementatiorof NBP, and provides
simulationsto demonstrat¢heinherenttradeof betweencom-
municationand estimatequality.

Il. SELF-LOCALIZATION OF SENSOR NETWORKS

This sectiondescribes statisticalframework for the sensor
network self-localizationproblem, similar but more general
than that given in [6]. We restrict our attentionto casesin
which individual sensorsobtain noisy distancemeasurements
of a(usuallynearby)subsebf theothersensorsn thenetwork.
This includes, for example, scenariosin which each sensor
is equippedwith a wirelessand/or acoustictranscerer and
distanceis estimatedy receved signalstrengthor time delay
of arrival betweensensorlocations. Typically this involves a
broadcasfrom eachsourceasall othersensordisten [6, 7].

While the framewvork we describeis not the most general
possible,it is sufciently exible to be extendedto more
compl scenariosFor instance,our method may be easily
modi ed to t casesn which sourcesare not co-locatedwith
a cooperatingsensorto incorporatedirection-of-arrval infor-
mation (which also necessitategstimationof the orientation
of eachsensor)6], or simultaneougstimationof othersensor
characteristicsuchas transmitterpower [7].

Let usassumahatwe have N sensorscatteredn a planar
region, and denotethe two-dimensionallocation of sensort
by x;. The sensort obtainsa noisy measurementl,, of its
distancefrom sensoru with someprobability Po(X¢; Xy ):

A = kxq p (Xe;%u) (1)

We usethe binaryrandomvariableoy, to indicatewhetherthis
obsenation is available,i.e. o, = 1 if dy, is obsered, and
oy = O otherwise.Finally, eachsensort hasa (potentially
uninformatve) prior distribution, denotedp;(xt). Thus, the
joint distribution is given by

Xuk+ w tu

P(dw jXt; Xu) pe(Xt) (2)

(tu)ioy =1 t

P(Ow jXt; Xu)
(tu)

The typical goal of sensorlocalization is to estimatethe
maximumlikelihood (ML) sensorocationsx; given a setof
obsenationsf dy, g. Of course,thereis a distinction between
theindividual ML estimate®f eachx; versushe ML estimate
of all fx¢g jointly. For this work, it is corvenientto select
the former; in a discrete system,this would correspondto
minimizing thebit-errorrate(asopposedo an“all-or-nothing”
sequence-errgorobability).

The estimateddistancesd,; anddy, may be different,and
it is even possibleto have o, 6 oy (indicating that only
one of sensorsu andt can obsenre the other). It will later
be convenientto symmetrizetheserelationships,a process
which involves exchanginginformation betweenary pair of
sensoral; t which obsere eitherdy, or dy; ; this mayinvolve
multi-hop messageouting or other communicationprotocols
which are beyond the scope of this paper For Gaussian
p , the two estimatesare simply averaged.However, for

arbitrarydistributionsthe procesf usingbothmeasurements,
while not dif cult, becomesotationallycumbersomeye thus
assumen the developmentthato,; = oy anddy = dy , and
include remarkson the differencesvhenthis is not the case.

Also, the amount of prior location information may be
almostnoneistent.In this casewe maywishto solve for arel-
ative sensorgeometry(versusestimatingthe sensorocations
with respectto someabsoluteframe of reference)3]. Given
only therelative measurementsoy, ; dy, g, thesensolocations
X¢ may only be solved up to anunknawn rotation,translation,
and negation (mirror image)of the entire network. We avoid
ambiguitiesin the relative calibrationcaseby assumingpriors
which enforce known conditionsfor three sensors(denoted
S1; S2; S3):

1) Translation s; has known location (taken to be the

origin: x; = [0;0])
2) Rotation s; is in aknown directionfrom s; (x2 = [0;a]
for somea > 0)
3) Negation sz hasknown sign (x3 = [b; ¢] for someb;c
with b> 0).
Typically s1;s,;s3 are taken to be spatially close to each
otherin the network. When our goal is absolutecalibration
(calibrationwith respecto a known coordinatereference)we
simply assumethat the prior distributions p; (x¢) containsuf-
cient informationto resole this ambiguity The sensorawith
signi cant prior information (or s;...3 for relative calibration)
arereferredto asandor nodes.

In general nding the ML sensorlocationsis a comple
nonlinear optimization problem. If the uncertaintiesp , p;
above are Gaussianand P, is assumedconstant,ML joint
estimationof the fx;g reducesto a nonlinearleast-squares
optimization[6]. In the casethatwe obsene distancemeasure-
mentsbetweenall pairsof sensordqi.e. Po() 1), this also
corresponddo a well studieddistortion criterion (“STRESS")
in multidimensionakcalingproblems[8]. However, for large-
scale sensornetworks, it is reasonablgo assumethat only
a subsetof pairwise distanceswill be available, primarily
betweensensorswhich are in the sameregion. One model
(proposedby [3]) assumeghat the probability of detecting
nearbysensordalls off exponentiallywith squareddistance:

Bkx;  x k?=R? (3)

We use (3) in our example simulations,though alternatve
forms are equally simple to incorporateinto our framework,
leaving open the possibility of estimatingP, from training
data, if available; such experimentshave already beenper
formedfor certainsensottypesandmeasuremennethodq7].

A large numberof methodshave beenpreviously proposed
to estimatesensorlocations [7,9-13]. An exhaustive cate-
gorization is beyond the scopeof this paper; here we are
able to list only a few. For better or worse, mary of these
methodsesche&v a statisticalinterpretationin favor of compu-
tational simplicity. Someexamplesinclude approximatingthe
unobsered distancesand applying classicalmultidimensional
scaling[8], multi-lateration[12], or othertechnique$9]. Other
approachesearchfor locationswhich satisfy corvex distance
constraintg[11]. Yet anothermethodheuristically minimizes
the rank of the distancematrix [14].

Po(Xt; Xu) = exp
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(a)

Fig. 1.

(b)

(©

Examplesensometwork. (a) Sensorocationsareindicatedby symbolsand distancemeasurementsy connectinglines. Calibration

is performedrelative to the threesensorsdravn ascircles. (b) Marginal uncertaintiedor the two remainingsensorgone bimodal,the other
crescent-shapeddicating that their estimatedpositionsmay not be reliable. (c) Estimatesof the samemaginal distributions using NBP.

However, thesealgorithmsoften lack a direct statisticalin-
terpretationandasoneconsequencearelyprovide anestimate
of the remaininguncertaintyin eachsensorocation. Iterative
least-squaremethodssuchas[6,10,12,13] do have a statisti-
cal interpretationput assumea Gaussiarmodelfor all uncer
tainty, which maybequestionablén practice As we discussn
Sectionlll, non-Gaussiamincertaintyis acommonoccurrence
in sensorlocalizationproblems.In consequencahe Cramer
Rao bound may be an overly optimistic characterizatiorof
the actual sensorlocation uncertainty particularly for multi-
modaldistributions. Estimatingwhich, if ary, sensopositions
are unreliableis an importanttask when partsof the network
areunderdeterminedFurthermoreGaussiamoisemodelsare
often inadequatdor real-world noise,which may have some
fraction of highly erroneougoutlier) measurements.

In this paperwe posethe sensorlocalization problem as
inferenceon a graphicalmodel, and proposean approximate

SRR O

P

Fig.2. Graphseparatiorandconditionalindependencef variables:
all paths betweenthe sets A and C passthrough B, implying
P(Xa;XcjXs) = p(XajXs)P(XcjXes).

IV. GRAPHICAL MODELS FOR LOCALIZATION

Graphical models are a popular meansof encapsulating
the factorizationof a probability distribution, enabling the
application of a number of simple, general algorithms for
exact or approximateinference [5,16,17]. Interpreting the
distribution (2) as a graphicalmodel allows onein principle
to apply ary of a numberof inferencealgorithms[16,17],

solutionmakinguseof arecentsample-basethessage-passing ©f Which belief propagtion (BP) is perhapsthe best-knavn.

estimationtechniquecalled nonpaametric belief propagation
(NBP). NBP allows usto apply the general, e xible statistical
formulation describedabore, and can capturethe comple
uncertaintiesvhich occurin localizationof sensometworks.

I1l. UNCERTAINTY IN SENSOR LOCATION

Thesensotocalizationproblemasdescribedn the previous
section involves the optimization of a comple< nonlinear
likelihoodfunction. However, it is often desirableto alsohave
somemeasureof con dencein the estimatedocations.Even
for Gaussiarmeasuremenhoise , the nonlinearrelationship
of inter-sensordistancedo sensorpositionsresultsin highly
non-Gaussiamncertaintyof the sensorocation estimates.

For sufciently small networks it is possibleto use Gibbs
sampling [15] to obtain samplesfrom the joint distribution
of the sensorlocations.In Fig. 1(a), we shav an example
network with ve sensorsCalibrationis performedrelative
to measurementBom the threesensoranarked by circles. A
line is shavn connectingeach pair of sensorswhich obtain
a distancemeasuremeniContourplots of the mamginal distri-
butions for the two remainingsensorsare given in Fig. 1(b);
thesesensorsdo not have sufcient informationto be well-
localized,andin particularhave highly non-Gaussianmulti-

In practice,however, we shall seethat the typical, discrete
implementatiorof BP hasanunacceptablyigh computational
cost. However, a particle-basedapproximationto BP, called
nonparametricbelief propagtion (NBP), resultsin a more
tractablealgorithm.

A. Graphical Models

An undirectedgraphicalmodel consistsof a setof vertices
V = fv;g and a collection of edgese,, 2 E. Two vertices
V¢;Vy areconnectedf thereexists an edgeey, 2 E between
them,and a subsetA  V is fully connectedf all pairs of
verticesv;; v, 2 A areconnectedEachvertex v; is alsoasso-
ciatedwith a randomvariablex;, andthe edgesof the graph
are used to indicate conditional independenceelationships
throughgraph sepaation. Speci cally, if every path between
two setsA; C V passeshroughasetB V (seeFig. 2),
thenthe setsof randomvariablesxa = fx, : v 2 Ag and
Xc = fX¢ : v 2 Cg areindependengivenxg = fXp: vp 2
B g. This relationshipmay alsobe written in termsof the joint
distribution: p(xa; Xs;Xc) = p(Xs )P(XajXs)P(XcjXs ).

The relationshipbetweenthe graph and joint distribution
may be quanti ed in termsof potentialfunctions which are
de ned over the graphs cliques(the fully connectedsubsets

modal uncertainty(suggestingthe utility of a nonparametric ¢ V), which we denoteby Q [16]:
Y

representation) Although we defer the details of NBP to
SectionlV-C, for comparisoranestimateof the samemaiginal
uncertaintieperformedusing NBP is displayedin Fig. 1(c).

o(fxi 112 Qg)
cliguesq

(4)
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Again taking x; to be the location of sensort, we may
immediately de ne potential functions which equate(4) to
the joint distribution (2). Notably this only requiresfunctions
de ned over single nodesand pairs of nodes.Take

t(Xt) = pe(xt) )

to be the single-nodepotentialat eachnodev;, andde ne the
pairwise potentialbetweennodesv; andv, as

. _ Po(xt;%u) p (diw  kx¢  xyk) ifoy =1
tw (Xt Xu) = . .
1 Po(Xt;Xy) otherwise
(6)
We malke no distinction between  and , only one

of which? appearsin the product (4). The joint posterior
likelihood of the x; is then

Y
t(Xt) w (Xe;Xu)  (7)

t tu

Notice alsothat for non-constanP, every sensort hassome
information about the location of eachsensoru (i.e. there
is someinformation containedin the fact that two sensors
do not obsere a distancebetweenthem, namely that they
shouldpreferto befar from eachother).This is a probabilistic
relationship,andthuscanaccountfor the fact that sometimes
(suchasin the caseof physical barriers)sensorswhich are
nearmay still not obsene eachother®

Unfortunately fully connectedgraphs are very dif cult
for most inference algorithms, and thus it behowes us to
approximatethe exact model. Experimentally (see [18]) it
appearsthat thereis little loss in information by discarding
the interactionsbetweennodeswhich are far apart, in the
following senselet the “1-step” graphbe the graphin which
we join two nodest; u if andonly if we obsere a distance
dw (sothatoy, = 1). We createthe “2-step” graphby also
addinganedgebetweert andu if we obsere d, andd,, for
somesensotv, but not dy, , and may extend this de nition to
“3-step” andso forth. Edgesfor which oy, = 1 we referto as
observedthosewith oy, = 0 we call unobserveddgesNote
thatthe “1-step” graphis exactif P, is a constantsincein this
casethe unobsered edgesoffer no additionalinformation.

Thereis also a convenientrelationshipbetweenthe statis-
tical and communicationgraphin localization. Speci cally,
distance measurementsre only obtained for sensor pairs
which have communicationginks*. Thus,messagealongob-
sened edgesmay be communicatedirectly, while messages
along unobsered edgesmay require a multi-hop forwarding
protocol (with 2-stepedgesrequiringat most2 hops,etc).

2Thede nition of is slightly morecomplicatedfor asymmetrianeasure-
ments,sinceto obtaina self-consistentundirectedgraphicalmodelwe require
botht andu to know andagreeon = 4, which will thusinvolve all
four quantitiesoy, ; Out ; dy ; dut -

3The effect of these constraintsis similar to, but less strict than, that
achievedby approximatingunobsereddistancedy shortespaths[12], andto
the non-comvex constraintamentionedn [11]. This hasthe additionalbene t
of being lessvulnerableto distortion (as obsened by [12]) whenthe sensor
con guration is not entirely convex.

4While technically the time-varying nature of these links means that
communicationsmay not be entirely reliable, we ignore this subtlety and
assumehat, over the shortperiodof time in which localizationis performed,
the communicationgraphis stable.

B. Belief Propagation

Having de ned a graphicalmodel for sensorlocalization,
we now turn to the task of estimatingthe sensorlocations.
Inferenceamongvariablesin a graphicalmodelis a problem
which has received considerableattention. Although exact
inferencein generalgraphscanbe NP-hard approximatenfer-
encealgorithmssuchasloopy belief propagtion (BP) [5, 19]
produceexcellentempirical resultsin mary casesBP canbe
formulatedasaniterative, local messag@assingalgorithm,in
which eachnodev; computests “belief” aboutits associated
variablex;, communicateshis beliefto andrecevesmessages
from its neighborsthenupdatests belief andrepeatsin the
wirelesslocalizationcontext, suchalgorithmsare apropos.

The computationsperformedat eachiteration of BP are
relatively simple. In integral form, each node v; computes
its belief about x; (a normalizedestimateof the posterior
likelihoodof x;) atiterationn by taking a productof its local
potential ; with the messagefro\r(n its neighborsdenoted :

PT(xe) I e (Xe) 8)
uz2

Typically the (arbitrang) proportionality constantsare chosen
to normalize p", i.e. pP"(X¢)dx; = 1. The messagesny,
from the nodevi to vy, arecomputedin a similar fashion:

my; (Xt)

mg, (Xu) / w (Xe; Xu) t(Xt) my; l(Xt)dXt
z v2 (nu
P 1(xt)
/ (Xt; Xy) ———— dx (9)
LT mG T

One appealingconsequencef using a message-passing
inference method and assigningeach vertex of the graph
to a sensorin the network is that computationis naturally
distributed. Eachnode (sensor)performscomputationsusing
informationsentby its neighborsanddisseminatetheresults,
as describedin Alg. 1. This processis repeateduntil some
convergencecriterion is met, after which eachsensoris left
with an estimateof its locationand uncertainty

Alg. 1 also usesa suggestionof [20], in which a re-
weightedmaiginal distribution p" (x;) is usedas an estimate
of the productof message$9). In additionto the advantages
discussedn [20], this hasa hiddencommunicatiorbene t—
all messagefrom t to its neighbors { maybe communicated
simultaneouslyvia a broadcaststep. This is becausethe
messagefrom t to eachneighboru 2 is a function of
the maginal p” *(x.), the previous iteration's messagdrom
u to t, andthe compatibility ¢, (which dependonly on the
obsereddistancebetweent andu). Sincethe lattertwo quan-
tities are also known at nodeu, t may simply communicate
its estimatedmaiginal p" (x;) to all its neighbors,and allow
eachu to deducethe rest.

C. Nonpaametric Belief Propagation

The BP update and belief equations(8)-(9) are easily
computedin closedform for discreteor Gaussianikelihood
functions; unfortunatelyneither discretenor GaussianBP is
well-suited to localization, since even the two-dimensional
spacein which the x; resideis too large to accommodaten
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Sensor Self-Localization with BP
Initialization:
« Each sensor obtains local information p:(z:), if available.
« Obtain distance estimates:
— Broadcast sensor id & listen for other sensor broadcasts
— Estimate distance dy, for any received sensor IDs
— Communicate with observed neighbors to symmetrize
distance estimates
o Initialize M, = 1 and p? = p, for all u, ¢.
Belief Propagation: for each sensor ¢
« Broadcast p"(x¢) to neighbors; listen for neighbors’ broad-
casts
o Compute m™* from m}, and p"(x,) using (9)
o Compute new marginal estimate p"** (x;) via (8)
o Repeat until sufficiently converged (see Sec. VIII)

Alg. 1: Belief propagtion for sensorself-localization.

efcient discretizedestimaté, and the presenceof nonlinear
relationshipsandpotentiallyhighly non-Gaussianncertainties
malkes GaussiarBP undesirableaswell. The developmentof
a versionof BP makinguseof particle-basedepresentations,
callednonparametribelief propagtion (NBP) [4], enableghe
applicationof BP to inferencein sensometworks.

In NBP, eachmessagés representedsingeithera sample-
baseddensity estimate(as a mixture of Gaussianspr as an
analytic function. Both types are necessaryfor the sensor
localization problem. Messagesalong obsened edges are
representecby samples,while messageslong unobsered
edgesmust be representedas analytic functions since often
1 Po(Xt;Xy) is not normalizable(typically tendingto 1 as
kx;  xyk becomedarge) and thus is poorly approximated
by ary nite setof samples.The belief and messagaupdate
equations(8)-(9) are performedusing stochasticapproxima-
tions, in two stages:rst, draving sampledrom the estimated
mauginal p(xt), thenusingthesesamplego approximatesach
outgoingmessagen;, . We discusseachof thesestepsin turn,
and summarizethe procedurein Alg. 2.

GivenM weightedsamplestw!"; x{" g from the mamginal
estimatep; (x;) obtainedat iterationn, computinga Gaussian
mixture estimateof the outgoing messagefrom t to u is
relatively simple.We rst considerthe caseof obserededges.
Given a measurementf the distancedy, , eachsamplexg') is
moved in a randomdirectionby dy, plus noisé:

mg) = xgi) + (dy + (i))[sin( (i));COS( (i))]
M ypE2) M p

The samplesare then weighted by the remainderof (9),
wi) = w Po(m{N=my (x"), and (asis typical in kernel
density estimation) a single covariance 1y, is assignedto
all samples.There are a numberof possibletechniquesfor
choosingthe covariance ¢, ; one simple methodis the rule

of thumb estimate[23], given by computingthe (weighted)

(10)

SFor M bins per dimension,calculatingeach messageaequiresO (M 4)
operationsthoughtherehasbeensomework to improve this [21,22].

6If p is non-Gaussiarand dy, 6 dyt, we may drav some samples
accordingto eachof p(xyjxt;dw ) and p(xujxt;dut ) and weight by the
in uence of the other obsenation.

covarianceof the samples
. X L ) :
Covalmi)] = wywg (mg)  m)(mgy’ m)" (11)
]
_ P i 1 :
(wherem = i Wy, my”) and dividing by M 5. A simple
and computationallyef cient alternatve has been proposed
by [24]; if the uncertaintyaddedby , is Gaussianywe may
simply usethe mean( () = 0) and apply the covarianceof
the Gaussianuncertaintyto eachsample( = ?21). This
methodmay alsobe extendedto small Gaussiammixtures,and
works well whenthe numberof particlesis sufciently large.
As stated previously, messagesalong unobsered edges
(pairst; u for which dy, is notobsered)arerepresentedsing
ananalyticfunction. Usingthe probability of detectionP, and
samplesfrom the mamginal at x;, an estimateof the outgoing
messagéeo u is given by
M) =1 W Pe(xy x{") (12)
I
which is easily evaluatedfor ary analyt'ts model of P,.
Estimationof the maginal p" = = my is potentially
more dif cult. Since it is the product of several Gaussian
mixtures,computingp” exactly is exponentialin the number
of incomingmessaged-dowever, ef cient methodsof draving
sampledrom the productof several Gaussiammixture densities
is investicated in [25]; in this work we primarily use a
techniquecalled mixture importance sampling Denote the
set of neighborsof t having observededgesto t by ?. In
orderto drav M samples,we createa collection of k M
weightedsamples(wherek 1 is a parameterof the sam-
pling algorithm) by drawing J.k"g,'j samplesrom eachmessage
Myt;ph2 ¢ andagsigningeachsamplea weight equalto the
ratio =, CMut= o 0 Myt We thendrav M valuesfrom
this collection with probability proportionalto their weight
(with replacement)yielding equal-weighsamplegravn from
the productof all incoming messagesComputationally this

requiresO(kj (jM) operationgper marginal estimate.

V. EMPIRICAL CALIBRATION EXAMPLES

We shav two example sensornetworks to demonstrate
NBP's utility. All the networks in this section have been
generatedby placing N sensorsat random with spatially
uniform probability in an L L area, and letting each
sensorobsere its distancefrom anothersensor(corruptedby
Gaussiamoisewith variance 2) with probabilitygivenby (3).
We investicate the relative calibration problem,in which the
sensorsaregiven no absolutdocationinformation;the anchor
nodesare indicatedby open circles. Thesesimulationsused
M 200 particles and underwentthree iterations of the
sequentiaimessagescheduledescribedin SectionVIll; each
iterationtook lessthan1 secondbernodeon a P4workstation.

The rst example(Fig. 3(a)) shavs asmallgraph(N = 10),
generatedusingR=L = :2 andnoise =L = :02 this made
the averagemeasureddistanceabout:33L, and eachsensor
obsenred an averageof 5 neighbors.One sensor(the lowest)
has signi cant multi-modal location uncertainty sinceit ob-
senes only two measurementslihe joint MAP con guration
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(a) “l-step” graph
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(d) “1-step” NBP estimates

Fig. 3.

(e) “l-step” NBP marginal

(c) MAP estimate

(f) “2-step” NBP estimates

(a) A small (10-sensor)graphwith edgesdenotingobsered pairwise distancesib) the samenetwork with “2-step” unobsered

relationshipsalsoshavn. Calibrationis performedrelative to the sensorglravn asopencircles.(c) A centralizedestimateof the MAP solution
shaws generallysimilar errors(lines) to (d), NBP's approximate(marmginal maximum)solution. However, NBP's estimateof uncertainty(e)
for the poorly-resoled sensordisplaysa clear bi-modality Adding “2-step” potentials(f) resultsin a reductionof the spuriousmode and

an improved estimateof location.

Compute NBP messages: Given M weighted samples
{wgi), xgi)} from p" (x+), construct an approximation to my,, ()
for each neighbor u € I'y:
o If 0y = 1 (we observe inter-sensor distance dy,), approxi-
mate with a Gaussian mixture:
— Draw random values for 8 ~ U[0, 27) and v ~p,
— Means: mii) = xgi) + Sdtu + ) [sin(0?); cos(0D)]
- Weights: w) = Po(m!")) w® /(@)
- Variance: ¢, = M~ 3 - Covar[m,., |
o Otherwise, use the analytic function:
- mtu(xu) =1- E, wgi)PO(wu - wg”)
Compute NBP marginals: Given several Gaussian mixture mes-
sages m?, = {m'), w), Sui},u € T¢, sample from p" T (z¢):
o For each observed neighbor u € I'7,

- Draw % samples {x{"} from each message m?,
t . . )
= Tloer, mi(@”)/ T yere miu(a”)

— Weight by w, ' =
o From these kM locations, re-sample by weight (with replace-
ment) M times to produce M equal-weight samples.

Alg. 2: Using NBP to computemessagesind mamginals for sensor
localization.

is shavn in Fig. 3(c) while the “1-step” NBP estimateis
shavn in Fig. 3(d). Comparisonof the error residualswould
indicatethat NBP hassigni cantly larger error on the sensor
in question.However, this is mitigated by the fact that NBP
has a representatiorof the maiginal uncertainty (shovn in
Fig. 3(e)) which accuratelycapturesthe bi-modality of the
sensorlocation, and which could be usedto determinethat
the locationestimates questionableAdditionally, exact MAP
usesmore information than “1-step” NBP. We approximate
this information by including someof the unobsered edges
(“2-step” NBP). The resultis shavn in Fig. 3(f); the error

residualsare now comparableo the exact MAP estimate.

While the previous exampleillustratessomeimportantde-
tails of the NBP approachpur primary interestis in automatic
calibration of moderate-to large-scalesensornetworks with
sparseconnectvity. We examine a graph of a network with
100 sensorsgeneratedwith R=L = :08 (giving an average
of about9 obsened neighbors)and =L = :005 shawn in
Fig. 4. For problemsof this size, computingthe true MAP
locationsis considerablymoredif cult. Theiterative nonlinear
minimizationof [3] corvergesslowvly andis highly dependent
oninitialization. As a benchmarko illustratethe bestpossible
performanceanidealizedestimaten which we initialize using
thetrue locationsis shawvn in Fig. 4(c). In practice we cannot
expectto performthis well; startingfrom amorerealisticvalue
(initialization given by classicalMDS [8]) nds the alternate
local minimum shawn in Fig. 4(d). The “1-step” and“2-step”
NBP solutionsareshavn in Fig. 4(e)-(f). Errorsdueto multi-
modal uncertaintysimilar to thosediscussedreviously arise
for a few sensorsin the “1-step” case.Examinationof the
“2-step” solution shaws that the errorsare comparableo the
estimatewith an idealizedinitialization.

In the “2-step” examplesabore, we have includedall “2-
step” edges but this is often not required.The sensorsvhich
requirethis additionalinformationaretypically thosewith too
few obsered neighbors,andwe could achiere similar results
by includingonly “2-step” edgeswhich areincidenton a node
with fewer than,for example,four obsered edges.

VI. MODELING NON-GAUSSIAN MEASUREMENT NOISE

It is straightforvard to changethe form of the noisedistri-
bution p solong assamplingremainstractable. This may be
usedto accommodatelternatve distancenoise modelssuch
asthelog-normalmodelof [10], asmight arisewhendistance
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Large (100-node)example sensornetwork. (a-b) 1- and 2-stepedges.Even in a centralizedsolution we can at besthopefor (c)

the local minimum closestto the true locations;a more realistic initialization (d) yields highererrors.NBP (e-f) provides similar or better
estimatesalongwith uncertainty andis easily distributed. Calibrationis performedrelative to the threesensorshavn asopencircles.

betweensensorpairs is estimatedusing the receved signal
strength,or modelswhich have beenlearnedfrom data[7].

Although this fact can also be usedto modelthe presence
of a broad outlier process,the form of NBP's messages
as Gaussianmixtures provides a more elegant solution. We
augmentthe Gaussiammixturesin eachmessagéy a single,
high-varianceGaussianto approximatean outlier processin
the uncertaintyaboutd,, , in a mannersimilar to [24]. To be
precise,we add an extra particle to eachoutgoing message,
centerecht the meanof the otherparticlesandwith weightand
variancechosento model the expectedoutliers, e.g. weight
equalto the probability of an outlier, and standarddeviation
sufciently large to cover the expectedsupportof P,. Direct
approximationof the outlier processrequiresfewer particles
thannaive samplingto adequatelyrepresenthe messageand
thusis also more computationallyef cient.

Fig. 5(a) shawvs the samesmall (N = 10) “1-step” network
examinedin Fig. 3 but with several additionaldistancemea-
surementgindicatedas lines), on which we have introduced
a single outlier measurement(the dashedline). We again
perform calibration relative to the three sensorsshovn as
circles.If we possessedn oraclewhich allowed us to detect
anddiscardthe erroneousneasurementhe optimal sensoto-
cationscanbe found usingan iterative nonlinearleast-squares
optimization[3]; theresidualerrorsafterthis procedurgfor a
singlenoiserealization)areshavn in Fig. 5(b). However, with
the outlier measuremenpresent,the sameprocedureresults
in a large distortionin the estimatesf somesensorocations
(Fig. 5(c)). NBP, by virtue of the measuremermutlier process
discussedn Section|V-C, remainsrobust to this error and
produceghe nearoptimal estimateshavn in Fig. 5(d).

In orderto provide a measureof the robustnessof NBP in

the presencef non-Gaussiaoutlier) distancemeasurements,
we perform Monte Carlo trials, keeping the same sensor
locationsand connectvity usedin Fig. 5(a) but introducing
different setsof obsenation noise and outlier measurements.
At every trial, eachdistancemeasurements replacedwith
probability :05 by a valuedrawn uniformly in [0; L]. As there
are37measuremenis the network, on averageapproximately
two outlier measurementare obsered in eachtrial. We then
measurehe numberof timeseachsensors estimatedocation
is within distancer of its true location,asa function of r=L.
We repeatthe sameexperimentsfor two noiselevels, =L =
:02and =L = :002 The curves are shawvn in Fig. 6 for
both NBP and nonlinearleast-squaregstimation.As can be
seenNBP providesan estimatewhich is more often “nearby”
to the true sensorocation, indicatingits increasedobustness
to the outlier noise;this becomesven more prominentasthe
becomessmall and the outlier processbegins to dominate
thetotal noisevariance Both methodsasymptotearound90%,
indicating the probability that the outlier processcompletely
overwhelmsthe information at one or more nodes.

However, Fig. 6 understatethe advantagesof NBP for this
scenario.NBP also provides an estimateof the uncertainty
in sensorposition; trials resultingin large errorsalso display
highly uncertain(often bimodal)estimatedor the sensoloca-
tionsin question,asin Fig. 1. Thus,in additionto providing
a morerohust estimateof sensorocation, NBP also provides
a measureof the reliability of eachestimate.

VIIl. PARSIMONIOUS SAMPLING

We may also apply techniquesfrom importance sam-
pling [26,27] in order to improve the small-sampleperfor
manceof NBP, which may play animportantpart of reducing
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Fig. 5.
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(a) A small (10-sensorgraphandthe obsenable pairwisedistancesgalibrationis performedrelative to the location of the sensors

shavn in green.One distance(shavn as dashed)is highly erroneousdue to a measurementutlier. (b) The MAP estimateof location,
discardingthe erroneousneasuremen{c) A nonlinearleast-squaresstimateof locationis highly distortedby the outlier; (d) NBP is robust
to the error by inclusion of a measuremenputlier processin the model.
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Fig. 6. Monte Carlo localization trials on the sensornetwork in
Fig. 5(a). We measurehe probability of a sensors estimatedocation
beingwithin a radiusr of its true location(normalizedby the region
sizelL ), with noise = :02L and:002L for bothNBP andnonlinear
least-squaresndicatingNBP's superiorperformancen the presence
of outlier measurements.

its computationalburden. In Alg. 2, the outgoing messages
are computedvia an importancesamplingprocedureto esti-
mate (9). In particular samplesare dravn from an approxi-
mationto (9) (called the proposaldistribution in importance
samplingliterature),thenre-weightedso asto asymptotically
representhe target distribution (9).

Solong asthe proposaldistribution f is absolutelycontin-
uouswith respecto thetargetdistribution g (meaningg(x) >
0) f(x)> 0), weareguaranteedhat,for asufciently large
samplesizeM we canobtainsampleswhich arerepresentatie
of g by draving samplesfrom f and weighting by g=f.
However, the sample size M is limited by computational
power, and as is well-known in particle ltering the low-
sample performanceof ary such approximationis strongly
in uenced by the quality of the proposaldistribution [26,27].
In general,onetakesf to be ascloseas possibleto g while
remainingtractablefor sampling.We accomplishedhis for (9)
by drawving samplesfrom the maiginal (8), weighting by the
remainder and moving the particlesin a randomdirection
by the obsered distanced;, plus noise.

However, in the context of belief propagtion, a good
proposal distribution is one which allows us to accurately
estim@tethe portionsof my, which contrikute to the product
pu= Mg . Wewouldlike to useour limited representatie
power on parts of the messagewhich overlap with other
incoming messagesand ary additional knowledge of p(xy)

Using previous iterations’ angular information: Perform NBP
as in Alg. 2, but at iteration n > 1, replace 0 ~ U|0,27) by:
o Draw samples 77 ~ p"(z,), & ~p To)
o Construct a kernel density estimate pp using 0@
arctan(zy) — ") (0 € [~ 7))
— To approximate 27-periodicity, construct pg using sam-
ples at 0 + {27,0, —27}
o Draw 0 ~ py,0 € [—7, 7]
« Calculate wti in a manner similar to Alg. 2, but with
additional weighting to cancel pg:
P,,(mgi'l)) wii) 1
mu(@g) pe@)

n—l(

_wtu:

Alg. 3: Using an alternatve angularproposaldistribution for NBP.
The previous iteration's mamginals may be usedto estimatetheir
relative angle,andbetterfocus sampleson the region of importance.
The estimateis madeasymptoticallyequivalentto that of Alg. 2 by
importanceweighting.

may be usedto focus samplesn the correctregion [20].

One alternatve proposaldistribution involves utilizing pre-
viousiterations'informationto determinghe angulardirection
to neighboring sensors.Rather than estimating a ring-like
distribution at eachiteration (most of which is ignoredas it
doesnot overlap with arny other rings), successie estimates
areimproved by estimatingsmallerandsmallerarcslocatedin
the region of interest.A simple procedureémplementingthis
ideais givenin Alg. 3. In particulay we usesampledrom the
mauginal distributions computedat the previous iteration to
form a density estimatep of the relative direction , draw
samplesfrom p , and weight them by pi so as to cancel
the asymptoticeffect of drawing samplesrom p ratherthan
uniformly. The processequiresestimatinga densitywhich is
2 -periodic;this is accomplishedy samplereplication[23].

We rst demonstrateéhe potentialimprovementon a small
example of only four sensors.Fig. 7(a)-(b) shavs example
messagedrom three sensorsto a fourth, with M 30
particles.Using the additional angularinformation resultsin
the samplesbeing clusteredin the region of the product,
effectively similar to a larger value of M. To compareboth
methods'performancewe rst constructhe mawginal estimate
usingalargeM approximationM = 1000, andcompare(in
termsof KL-divergence)to the resultsof running NBP with
fewer samples(10 M 100 using both naive sampling
( UJ[0; 2 )) andAlg. 3. Theresultsareshowvn in Fig. 7(c);
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By using an alternateproposaldistribution during NBP's messageconstructionstep, we may greatly improve the delity of the

messages(a) Naive (uniform) samplingin angle producesring-shapedmessageshowever, (b) using previous iterations' information we
may preferentiallydrav samplesrom the useful regions. Monte Carlo trials (c) shav the improvementin termsof averageK-L divergence
of the sensors estimatedmaiginal (from an estimateperformedwith M = 1000 samples)sa function of the numberof samplesM used.
(d) In a larger (10-node)network, we begin to obsene the effects of bias:for sufciently large M performancemproves, but for small M

we may becomeovercon dentin a poor estimate.

asexpectedwe nd thatAlg. 3 concentratesnore samplesn
the region of interest,reducingthe estimates KL divergence.

As notedin [20], however, by re-usingprevious iterations'
information we run the risk of biasing our results. The re-
sults of a more realistic situation are shavn in Fig. 7(d)—
performingthe samecomparisonon for a relative calibration
of the 10-nodesensornetwork (showvn in Fig. 3(b) reveals
the possibility of biasedresults.Whenthe numberof particles
is sufciently large (M 100), we obsenre the sameim-
provementas seenin the 4-nodecase.However, for very few
particles(M = 25), we seethatit is possiblefor our biased
samplingmethodto reinforce incorrect estimates ultimately
worseningperformance.

VIIlI. INCORPORATING COMMUNICATIONS CONSTRAINTS

Communicationsconstraintsare extremely important for
battery-pavered, wireless sensornetworks; it is one of the
primary factorsdeterminingsensotifetime. Therearea num-
ber of factorswhich in uence the communicationsost of a
distributed implementationof NBP. Theseinclude

1) Resolution , of all x ed- (or oating-) point values.

2) Numberof iterations performed

3) Sdedule—the orderin which sensorgransmit

4) Approximation—the delity to which the mamginal esti-
matesare communicatedetweensensors
Censoring—sensorsnay save enegy by electingnot to
senda maiginal which is “suf ciently similar” to the
previous iteration's maginal.

All theseaspectsre,of coursejnterrelatedandalsoin uence
the quality of arny solution obtained;often their effects are
dif cult to separate Note that the number of particles M
usedfor estimatingeachmessagandmauiginalin uencesonly
computationalcompleity. The following experimentsused
M = 200 samplesper messageand maginal estimate with
k = 5 timesoversamplingin the productcomputation.

Due to spaceconstraintswe do not considerresolutionor
similarity-basedcensoringhere.We assumethe resolutionis
sufciently high to avoid quantizationartifacts; for example,
taking = 16 bits is typically more than sufcient. Message
censoringcan be usedto decreasehe total numberof mes-
sagesandasa corvergencecriterion[28], but its overall effect
in loopy graphsis dif cult to determing[29].

5)

A. Sdeduleand iterations

The messageschedulehas a strong in uence on BP, af-
fecting the numberof iterationsuntil corvergenceand even
potentially the quality of the corverged solution [30]. We
considertwo possible BP messageschedules,and analyze
performancenthe 10-nodegraphshown in Fig. 3(b). Because
we are primarily concernedvith the intersensorcommunica-
tions required,we enforcea maximum numberof messages
per sensorratherthanthe actualnumberof iterations.

The rst BP schedules a “sequential’schedulejn which
eachsensorin turn transmitsa messageo all its neighbors.
We determinethe order of transmissionby beginning with
the anchor nodes,and moving outward in sequencebased
on the shortestobsered distanceto ary anchor This has
similaritiesto scheduledasedon spanningtrees[31], though
(since eachsensoris transmittingto all neighbors)it is not
a tree-structuredmessageordering. For this schedule,one
iterationcorrespond$o onemessagérom eachsensarStrictly
speakingthis orderingis only available given globalinforma-
tion (the obsened distancesof eachsensor),but in practice
the scheduleis robust to small reorderingsand thus local or
randomizedapproximationgo the sequentialschedulecould
be substitutedHere, however, we will ignorethis subtlety

The secondBP schedulewe consideris a “parallel” sched-
ule, in which a setof sensordransmitto their neighborssi-
multaneouslySinceinitially, large numbersof sensorhave no
information abouttheir location, we restrict the participating
nodesto bethosewhosebeliefis well-localized,asdetermined
by somethresholdon the entrofy of the belief p"(x;). To
provide a fair comparisonwith the sequentialschedule,we
limit the number of iterations by allowing each sensorto
transmitonly a x ed numberof messagesierminatingwhen
no more sensorsare allowed to communicate.

Fig. 8(a) comparesthe two schedules'performanceover
100 Monte Carlo trials, measuredby mean error in the
locationestimatesandasa function of the numberof message
transmissionsallowed by each schedule.As can be seen,
both scheduleproducereasonablysimilar results,andneither
requiresmore than a few iterations(inter-sensorcommunica-
tions) to corverge. Empirically, we nd that the sequential
scheduleperformsslightly betteron average.
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Analyzing the communicationscost of NBP. (a) The numberof iterationsrequiredmay dependon the messageschedule but is

typically very few (1-3). (b) The transmittedmaiginal estimateamay be compressedby tting a small Gaussiarmixture distribution; a few

(1-3) componentss usually sufcient.

Faulty communications(nodes' failure to receve some
messagesnay alsobe consideredn termsof small deletions
in the BP messageschedule While the exact effect of these
changess dif cult to quantify it is typically not catastrophic
to the algorithm.

B. Mess@e approximation

We may also reducethe communicationsby approximat-
ing eachmamginal estimateas a small mixture of (diagonal
covariance)Gaussiandeforetransmissior(insteadof sending
all particles).Suchapproximationgnay be constructedn ary
numberof ways; we usethe Kullback-Lieblerbasedapprox-
imation of [32] due to its computationalef ciency, though
more traditional methodssuch as Expectation-Maximization
could also be employed. Note that locally, eachnoderetains
its sample-basediensity estimate(allowing tests for multi-
modality, etc.) regardlessof how coarselythe transmissions
are approximated.

In order to obsenre the effect of this operationon mul-
timodal uncertainty we performed100 Monte Carlo trials of
NBP with measuremerdutliers(asin SectionVI), but approx-
imated eachmessageby a x ed numberof componentse-
fore transmitting.We apply the sequentiascheduledescribed
aborve. Fig. 8(b) shaws the resultingmaiginal estimateerrors
(measuredby KL-divergencefrom exactmessage-passingth
1000 particles)as a function of the numberof retainedcom-
ponents.Single Gaussian(unimodal) approximationsto the
maiginal beliefsresultedin a slightlossin performancewhile
two-componenipotentially bimodal) estimatesproved better
at capturing the uncertainty As a benchmark,representing
each Gaussiancomponentcosts at most 4  bits, so that a
two-componenmixtureat = 16is  128bits per message.

IX. DISCUSSION

We proposedh novel approachio sensolocalization,apply-
ing a graphicalmodel framewvork and using a nonparametric
message-passinglgorithm to solve the ensuing inference
problem. The methodology has a number of adwantages.
First, it is easilydistributed (exploiting local computationand
communicationbetweemearbysensors)potentiallyreducing
the amountof communicationgsequired.Second,jt computes
and males use of estimatesof the uncertainty which may

subsequentlybe used to determinethe reliability of each
sensorts location estimate The estimatesasilyaccommodate
comple, multi-modal uncertainty Third, it is straightforvard
to incorporateadditional sourcesof information, such as a
modelof the probability of obtaininga distancemeasurement
betweensensorpairs. Lastly, in contrastto other methods,
it is easily extensibleto non-Gaussiamoise models,which
may be usedto modelandincreasaobustnesso measurement
outliers.In empiricalsimulations NBP's performanceds com-
parableto the centralizedMAP estimate,while additionally
representinghe inherentuncertainties.

We have also shavn how modi cations to the NBP algo-
rithm canresultin improved performanceThe NBP frame-
work easilyaccommodatean outlier processmodel,increas-
ing the methods robustnesgo a few large errorsin distance
measurementfor little to no computatiorandcommunication
overhead.Also, carefully chosenproposaldistributions can
result in improved small-sampleperformance reducing the
computationatostsassociatedavith calibration.Finally, appro-
priate messageschedulesequirevery few messagdransmis-
sions,andreduced-compldty representationsiay be applied
to lessenthe costof eachmessagdransmissiorwith little or
no impacton the nal solution.

Thereremainmary opendirectionsfor continuedresearch.
First, other message-passingferencealgorithms(e.g. max-
product) might improve performanceif adaptedto high-
dimensionalnon-Gaussiamproblems.Also, alternatve graph-
ical model representationsnay bear investigating; it may
be possibleto retain fewer edges,or improve the accuray
of BP by clusteringnodes[16]. Given its promising initial
performanceandmary possibleavenuef improvement NBP
appearso provide a usefultool for estimatingunknovn sensor
locationsin large ad-hocnetworks.
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